Abstract. Taking advantage of the flexibility of the variational method with coordinate transformations, we derive a selfconsistent set of equations of motion from a discretized Lagrangian to study kinetic plasmas using a Fourier decomposed cylindrical coordinate system. The phase-space distribution function was reduced to a collection of finite-sized macroparticles of arbitrary shape moving on a virtual Cartesian grid. However, the discretization of field quantities was performed in cylindrical coordinates and decomposed into a truncated Fourier series in angle. A straightforward finite element interpolation scheme is used to transform between the two grids. The equations of motion were then obtained by demanding the action be stationary. The primary advantage of the variational approach is preservation of Lagrangian symmetries. In the present case, this leads to exact energy conservation, thus avoiding possible difficulties with grid heating.
INTRODUCTION
Several approaches have been used to reduce the computational costs of 3D Particle-in-Cell (PIC) simulations while maintaining predictive power. Some examples include working in the moving window reference frame, using quasi-static approximations [1, 2] , using the ponderomotive guiding center algorithm [3] and the quasi-3D method [4, 5] . Lifschitz et al. [4] exploit the near cylindrical symmetry of the laser-plasma interaction by expanding the electromagnetic fields in a small number of poloidal modes while retaining the full 3D dynamics of the macro-particles. By projecting the macro-particle currents onto the r-z grid, all macro-particles in a given annulus contribute current to the same set of grid points, greatly reducing sampling noise.
Recently a variation formulation of macro-particle model has been developed [6] [7] [8] that inherits all the benefits of a Lagrangian approach, specifically the connection between symmetries and conservation laws and the flexibility in choosing coordinates. Here we apply this technique to a incorporate a modal decomposition of the electromagnetic fields into a macro-particle model. As in previous work [6] [7] [8] , we begin with the relativistic Low Lagrangian [9] and introduce a distribution function consisting of a collection of fixed-size macro-particles of the form
where w α is the macro-particle weight, ξ ξ ξ α (t) andξ ξ ξ α (t) are the macro-particle position and velocity respectively, S x , S y and S z are 1D shape functions [6] and δ is the Dirac delta function. By taking the macro-particle shape to be the product of 1D shape functions, we are implicitly defining a regular Cartesian grid whose parameters are set by the particle sizes in x, y, and z. As a result, it proves convenient to express the vector potential in terms of its Cartesian components, A x , A y , and A z , while parameterizing the functional dependence of these components by r, θ , z, and t. We then use a truncated Fourier representation in θ for all the scalar and vector potentials, keeping only the first three modes:
and likewise for A. In most circumstances, this adequately describes the wakefield (the dc term) and the laser field (the first order terms) as discussed in Ref. [4] .
DISCRETE LAGRANGIAN
We introduce uniform radial and longitudinal grids with N r grid points and spacing ∆r and N z grid points and spacing ∆z, respectively and denote the coordinates of the grid points by r l , l ∈ [1, N r ] and z k , k ∈ [1, N z ]. We denote the approximation of the potentials at r l and z k by ϕ lk (t) with m ∈ {o, s, c}. The fully discretized Lagrangian takes the form L = L part + L int + L field + L ion . The particle contribution can be readily computed from the form of the distribution function [6, 8] , while the field terms in the Lagrangian can be readily evaluated by representing the spatial derivatives by finite differences:
where
ab are the finite difference representations of first derivatives in r and z respectively. The interaction term, however, requires knowledge of the potentials at arbitrary spatial locations. The most straightforward approach is to treat the macro-particles as moving on a 3D virtual Cartesian grid. The potential on this virtual grid are interpolated between the grid points using finite elements [6] , allowing evaluation of the interaction Lagrangian. In terms of the potentials on the virtual grid, the interaction Lagrangian can be written as
where ϕ i jk and A i jk are the values of the potential on the virtual grid, and ρ i jk is the finite-element projection of
. Assuming a static ion background, L ion can be written as
where the coefficients n (ION) i jk define the fixed ion charge distribution on the virtual Cartesian grid.
Planar illustration of the potential interpolation assuming a quadratic particle shape. For a given macro-particle position (red disk), nine locations on the virtual Cartesian grid (gray lines) are involved in determining the potentials at the macroparticle (black crosses). The potential values on the virtual grid are obtained from ϕ lk on the radial grid (blue lines). For example, using quadratic interpolation in r, the potentials at the virtual grid points indicated with the green squares are obtained using the radial grid points l − 1, l, and l + 1.
The potentials on the virtual grid are obtained from the Fourier decomposition along with interpolation in r (see Fig.1 ):
where Λ
ak . This approach of adopting a virtual grid has general applicability as it decouples the computational grid used to advance the potentials (or fields) from the grid used to interpolate forces. For example, in the case of a non-uniform grid, this approach eliminates the need to have the macro-particle size conform to the local grid spacing.
DISCRETE EQUATIONS OF MOTION
The equations of motion are obtained by requiring the action to be stationary under variations of the particle position and potentials. For the particles, the Euler-Lagrange equations give 
Similarly, variation with respect to A (m) lk leads to the following modal wave equations:
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ENERGY
Since the Lagrangian has no explicit time dependence there is a conserved energy of the form
Using the equations of motions, it is straightforward to show that this energy is a conserved quantity. After computing the time derivative of the energy, one can use the Lorentz force equation (8) to evaluate the kinetic energy term througḣ
. The remaining terms in the particle summation can be evaluated by using the modal Poisson and wave equations. Specifically, to evaluate the first term in the brackets, we take the time derivative of the modal Poisson equations (9)- (11) lk to make use of (7). We apply the same approach to obtain the second term summing the modal wave equation (12)- (20) withȦ (m) lk . This leaves only field-like terms which cancel to zero, proving that dW /dt = 0.
CONCLUSION
Building on previous work [6] [7] [8] , we have derived a macro-particle model that exploits the near cylindrical symmetry of the laser-plasma interaction by introducing a poloidal mode expansion of the potentials. We have obtained a set of continuous-time equations of motion for the macro-particles and potentials that exactly conserves energy. As this method obtains the force on the macro-particles directly from the potential, we expect much lower sampling noise than when employing fields in the usual PIC algorithm. Overall, we expect this method to exhibit the same order of computational savings as found by Lifschitz et al. [4] . Future work will involve a non-uniform radial grid, which would be useful for resolving the sheath in the blowout regime and is well adapted to the approach discussed. Additionally, it is desired for computational savings to work in the moving window, which involves a trivial transformation as discussed in Ref. [8] . Lastly, it would be interesting to develop a symplectic integrator for the time integration of these equations of motion.
